Vanishing Theorems on Complete
Kahler Manifolds By Takeo OHSAWA* § 0. Introduction Let X be a complex manifold of dimension n and let E be a holomorphic vector bundle over X. We shall here try to continue the study on the vanishment of the sheaf cohomology groups H ? (X 3 0(E)) which has been performed by Kodaira [10] , [11] , GrauertRiemenschneider [5] , Andreotti-Vesentini [1] , [2] , Nakano [14] , [15] , Kazama [9] , and others. The purpose of the present paper is to study the cohomology groups on complete Kahler manifolds. Although the spirit is the same as in [1] and [14] , we restrict ourselves to C L 2 -cohomology groups' and aim at finding a proper subspace of L 2 -forms for which 8-equation is solvable. We shall prove the following theorem. 
8). Let X be a complete Kahler manifold of dimension n, let (E, h) be a hermitian bundle over X, and let a be a d-closed semipositive (1, \}-form on X. Assume that the curvature form for h is equal to or greater than a. Then, for any d-closed ^-valued (n, q)-form f which is square integrable with respect to a (for the definition see Section 2), we can find an ^-valued (n, q-V)-form g which is square integrable with respect to a satisfying dg-f. Here q^l,
This is a generalization of theorem 1.5 in [16] . We apply it here to obtain the following two vanishing theorems.
Theorem (cf. Theorem 3. 1). Let X be a compact Kdhler manifold, let Y be an analytic space, let /: X^Y be a holomorphic map, and let (E, h) be a hermitian bundle over X. Assume that the curvature form for h is equal to or greater than the pull-back of a Kdhler metric on Y. Then, H«(Y, /*0(K X ®E))=0, for q^l.
Here K x denotes the canonical bundle of X and f* 0 (K X (X)E) denotes the direct image sheaf of 0(K X (X)E).
Theorem (cf. Theorem 4.5). Let X be a l-convex manifold with maximal compact analytic set A, and let E-^X be a holomorphic vector bundle. Assume that the restriction of E to A is Nakano-semipositive. Then
Fortunately these theorems have applications. Namely, Theorem 3. 1 provides a simple proof of Fujita's semipositivity theorem [3] for relative canonical sheaves, and Theorem 4. 5 establishes the converse statement to Laufer's theorem P 1 as an exceptional set [13] .
The author is very grateful to Prof. K. Diederich who let him work at Gesamthochschule Wuppertal during the preparation of this paper. Sections 4 and 5 were added in Wuppertal. He also thanks the referee for pointing out several mistakes. § 1. Preliminaries Let X be a complex manifold of dimension n with a hermitian metric a), and let E-^-X be a holomorphic vector bundle with a hermitian metric h along the fibers. We say (E, h) a hermitian bundle over X. We shall regard co as a (1, l)-form on X, and h as a C 00 section of Hom(E, E*). We denote by Q*(X, E) the space of E-valued (p, q) -forms on X whose supports are compact. The length of /eQ'HX, E) with respect to co and h is denoted by |/|. Let dv be the volume form on X with respect to co and set which is the usual L 2 -norm. (1) ll/IU^II/llv for /eCS-«(X, E).
Proof. Let ^:^X be any point, and represent co 1 and o) 2 at x as follows : (2) i^l Let f x denote the value of / at x. We set (12) <f=^(e)4/;/>*^o,
Proof. The reader is referred to [17] , Definition
Given a C°° semipositive (1, 1) -form a on X, we set
"-*(X, E 3 cj, A) Proof. Let a) be another hermitian metric on X and let K be any compact subset of X. Then, for any £>0, we can find <5>0 so that £0)+ff^da) + a on K. Hence, in virtue of Proposition 1. independence of L"' 9 (X, E, o 1 , h) and ||/|j ff from the metric CD.
Clearly L"-9 (X, E, a, h) is a Hilbert space with norm H/IJ, which we write ||/|| when there is no fear of confusion.
Definition 2. 5. We say a is a Kahler metric if we can choose a to be ^-closed. For any holomorphic map /: X->Y from a complex manifold X, f*a is extended uniquely to a C°° semipositive (1, l)-form on X. We shall not distinguish f*0 from its extension. 
Proof is trivial.
Proof of Theorem 3.1. Let f" = { V { } £e/ be a finite system of Stein open subsets covering of Y and let {c z -{ } be a g-co cycle of /*0(K x (g)E) associated to 'T(g^l). We set Then {c,*...,-} is a g-cocycle of (^ (Kx^E) associated to the covering {y-i(y.)}. ej . \A/e regard c^.. ; as holomorphic n-forms on /"H^ H. .. D ^-) with values in E. Let {/>,-} be a partition of unity associated to TT. We define E-valued (w, g-*) -forms ^ Let X be a 1-convex manifold, L e. X is connected and there exists a C°° exhaustive function which is strictly plurisub harmonic outside a compact subset of X. The following fact is first due to Grauert [4] : there is a compact analytic subset AcX and a proper holomorphic map x from X onto a Stein space X such that TT X _ A is biholomorphic. If A is everywhere of positive dimension, A is called the maximal compact analytic set-By the fundamental work of Hironaka [6] , [7] , there is a complex manifold X obtained from X by a succession of blowing up along nonsingular centers, such that the induced bimeromorphic map ri : X->X is holomorphic, X can be chosen so that (I)
TTOTT' is biholomorphic on X-Tr'" 1 (A). Via n we shall identify <f> with a function on X -A. Let <p be a C°°p lurisubharmonic exhaustive function on X which is strictly plurisubharmonic outside A. Hence we infer from (42) that (45) on [/, where ^ depends on 0 fl -, A and the choice of (z l9 . . , , 2; ra ). We compare the right hand terms of (45) Let (X, x) be a germ of an analytic space X for which x is an isolated singular point. (X, x) is said to be rational if for any resolution of singularity TT: X->X, R q^0^ vanishes for q*tl. Here R q^Gd enotes the higher direct image sheaves of d?x-Note that the property that R q x*@% = Q for q^l is independent of the choice of the resolution, (cf. Hironaka [6] ). We can state a condition for the rationality of (X, x) in terms of the maximal compact analytic set of X.
Theorem 5. 1. Let the notation be as above and let A be the maximal compact analytic subset of X. Assume that KXJA has a metric h along the fibers for which (KxjA? h) is Nakano-semipositive. Then (X, x} is rational.
Proof is immediate from Theorem 4. 5.
As an application we obtain the following Proposition 5.2. Let X be an analytic space of dimension 3 with an isolated singularity at x. Let TT: A->X be a resolution of singularity. Suppose that A = 7r~l(x) is isomorphic to P 1 and that the normal bundle of A splits into line bundles whose chern classes are either (-1, -1), (-2, 0), or (-3, 1). Then, (X, x) is a rational singularity.
The following proposition was suggested by A 8 Fujiki.
Proposition 5.3. Let X be an analytic space of dimension 3 with a rational isolated singularity at x. Let TT: X-»X be a resolution of the singularity. Suppose that K = TI~I(X) is isomorphic to P 1 and that the degree of KXJA is zero 8 Then there exist a neighbourhood U of x and a nowhere-zero holomorphic 3-forrn defined on U-{x}.
Proof is standard.
Combining Proposition 5.2 with Proposition 5.3 we obtain the converse of the following Theorem 5.4 (Theorem 4. 1 in Laufer [13] ). Let X be an analytic space of dimension n^3 with an isolated singularity at x. Suppose that there exists a nowhere zero holomorphic n-form co on X-.r. Let TT: X-»X be a resolution. Suppose that A = K~I(X) is \-dimensional and irreducible. Then A is isomorphic to P 1 and n = 3 e Also, the normal bundle of A splits into line bundles whose chern classes are (-1, -1), (-2, 0), or (-3, 1).
